Quantum resonances in a single plaquette of Josephson junctions:
  excitations of Rabi oscillations by Fistul, M. V.
ar
X
iv
:c
on
d-
m
at
/0
11
04
14
v1
  [
co
nd
-m
at.
me
s-h
all
]  
19
 O
ct 
20
01
Quantum resonances in a single plaquette of Josephson junctions:
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We present a theoretical study of a quantum regime of the resistive (whirling) state of dc driven
anisotropic single plaquette containing three small Josephson junctions. The current-voltage charac-
teristics of such a system display resonant steps that are due to the resonant interaction between the
time dependent Josephson current and the excited electromagnetic oscillations (EOs). The voltage
positions of the resonances are determined by the quantum interband transitions of EOs. We show
that in the quantum regime as the system is driven on the resonance, coherent Rabi oscillations
between the quantum levels of EOs occur. At variance with the classical regime the magnitude and
the width of resonances are determined by the frequency of Rabi oscillations that in turn, depends
in a peculiar manner on an externally applied magnetic field and the parameters of the system.
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Various quantum effects predicted and observed in
macroscopic systems1–7 have attracted a great atten-
tion as it allows to understand the foundation of quan-
tum mechanics1 and the applicability of quantum me-
chanics to dissipative systems.7–9 Moreover, the inter-
est to this field has been boosted by the possibility to
use macroscopic quantum coherent effects for quantum
computation.4,6,10
In this field of study Josephson coupled systems con-
sisting of a few interacting Josephson junctions, are of
special interest. These systems contain a large number of
particles and still, their behaviour is determined by the
macroscopic variables, namely Josephson phases ϕi(t).
Moreover, the dynamics of Josephson phases can be con-
trolled by an externally applied magnetic field Hext and
dc bias γ, and at low temperatures the number of quasi-
particles is extremely small and therefore, the dissipation
caused by the quasi-particle current is also small.
Indeed, the peculiar macroscopic quantum effects such
as tunneling and resonant tunneling of Josephson phase,
discrete energy levels have been observed in single
Josephson junctions, SQUID systems etc. In the pres-
ence of an externally applied microwave radiation the
enhancement of both tunneling3 and resonant tunneling
of Josephson phase, have been also observed.4,6 These
effects can be considered as an evidence of the quan-
tum coherent dynamics, i. e. the presence of coherent
Rabi oscillations in macroscopic systems. The major-
ity of macroscopic quantum effects have been studied as
the Josephson junctions were biased in the superconduct-
ing state, i. e. zero dc voltage state, and the quantum
mechanical behaviour of the resistive state of Josephson
coupled systems has not been analyzed.
It is also well known that in the classical regime the
resistive state of Josephson coupled systems displays in-
trinsic Josephson current oscillations. The oscillating
Josephson current can excite the electromagnetic oscil-
lations (EOs) in the superconducting loops, and in turn,
these EOs resonantly interact with the time dependent
Josephson current. In the case of a weak damping such
an interaction leads to a pronounced resonant step in the
current- voltage characteristics (I-V curves). The volt-
age position of the resonance V is determined by the
characteristic frequency of EOs ω0 as
V =
h¯ω0
2e
. (1)
The magnitude of the resonance depends on an exter-
nally applied magnetic field Hext and the width of the
resonance is determined by the damping parameter that,
in the classical regime, is due to the presence of a quasi-
particle (dissipative) current.
In this paper I present a theoretical (semiclassical)
analysis of the quantum coherent effects in the resistive
(whirling) state of a dc driven single anisotropic plaque-
tte containing three small Josephson junctions. This sys-
tem consists of two vertical junctions parallel to the bias
current γ and a horizontal junction in the transverse di-
rection, as presented in Fig. 1.
The dynamics of the system crucially depends on two
parameters: the anisotropy η = IcH
IcV
, where IcH and IcV
are respectively the critical currents of horizontal and
vertical junctions, and the discreteness parameter (nor-
malized inductance of the cell), βL. Moreover, the quan-
tum effects are enhanced in the limit of a small Joseph-
son energy EJ =
h¯IcV
2e
≤ h¯ωp, where ωp is the plasma
frequency. In this limit it is also naturally to apply an
external charge Q to the horizontal junction (see, Fig.
1). This charge controls the frequency of transitions be-
tween different quantum levels of EOs. Such a system
presents a simplest case allowing to couple the Josephson
current oscillations with a nonlinear oscillator (horizontal
junction), and therefore, to remove the quantum-classical
correspondence of a harmonic oscillator1,3 and to observe
the quantum effects in the resistive state. Note here, that
the coherent quantum-mechanical behaviour of a single
plaquette of Josephson junctions biased in the supercon-
ducting state, have been studied in details in Refs.4,5
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FIG. 1. Sketch of the plaquette with three Josephson junc-
tions (marked by crosses). Arrows indicate the directions of
external current flow, (dc bias γ). A gate voltage Vg allows to
introduce a charge Q in the system, and the gate capacitors
are, C = αCH . The externally applied magnetic field Hext is
also shown. Dashed circles denote junctions in the resistive
(whirling) state.
We found that the quantum effects affect the resonant
interaction between EOs and oscillating Josephson cur-
rent, and the voltage positions of the resonant steps are
determined by the discrete energy levels of a nonlinear
oscillator.11 Moreover, the obtained peculiar dependence
of the magnitude and the width of resonances on the ex-
ternally applied magnetic field Hext can be considered as
fingerprints of coherent Rabi oscillations excited as the
quantum transitions in the spectrum of EOs occur.
The dynamics of a single plaquette of three Joseph-
son junctions is determined by time dependent Josephson
phases of vertical junctions ϕv1,2(t), and the horizontal
junction ϕh(t). The dynamics of the Josephson phases is
described by the Lagrangian
L = EJ{
1
2ωp2
[(ϕ˙v
1
)2+(ϕ˙v
2
)2+η(ϕ˙h−αvg)
2]+cos(ϕv
1
)+
+ cos(ϕv2) + η cos(ϕh) + γ(ϕ
v
1 + ϕ
v
2)−
−
1
βL
(ϕv
1
− ϕv
2
+ ϕh + 2pif)
2} (2)
Here, the dc bias γ is normalized to the critical cur-
rent of the junction IcV , and the normalized gate voltage
vg = 2piVg/Φ0. The externally applied magnetic field
Hext is characterized by the frustration f =
Φext
Φ0
, i. e.
the magnetic flux threading the cell normalized to the
magnetic flux quantum.
In the case of a low-inductance environment both
quantum and temperature fluctuations weakly alter the
Josephson phases of the vertical junctions that are in the
whirling state.12 Thus, the Josephson phases can be nat-
urally decomposed
ϕv
1
(t) = ωt− pif − ξ(t) ,
ϕv
2
(t) = ωt+ pif + ξ(t) . (3)
The frequency ω = 2eV/h¯ is determined by the dc
voltage V across the junction. As a result we find that
the supercurrent flowing through the vertical junctions
Is is expressed in the form:
Is = IcV < sin(ωt) cos(pif + ξ(t)) > , (4)
where < ... > means the time-average procedure.
Next, to simplify the analysis, we consider a small pla-
quette of Josephson junctions as the discreteness param-
eter βL << 1. In this case the relationship ξ(t) = ϕh/2
is valid, and the system is characterized by one de-
gree of freedom ξ. Introducing the canonical momentum
pξ = ∂L/∂ξ˙ and the corresponding operator of momen-
tum pˆξ = − ih¯∂/∂ξ,
4 we arrive at the time-dependent
Hamiltonian
Hˆ(t) = Hˆ0 − 2EJ cos(pif + ξ)cos(ωt) ,
Hˆ0 =
ω2p
EJ(4 + 8η)
(pˆξ − 4ηαvg)
2 − EJη cos 2ξ . (5)
Here, Hˆ0 is the Hamiltonian of the autonomous nonlinear
oscillator, where the first term presents the total charging
energy of the system and the second term is the Joseph-
son energy of the horizontal junction. The last term in
Hˆ(t) presents an intrinsic magnetic field dependent cou-
pling between the time dependent Josephson current and
EOs.
We are interested in the resonant interaction between
the ac Josephson current and EOs, and thus, two relevant
energy levels Em and En of the Hamiltonian Hˆ0, namely
ωnm(vg) = En(vg)− Em(vg) ≃ h¯ω, are important for
our problem. These energy levels may be controlled by an
externally applied gate voltage vg. Because a nonlinear
oscillator has no coinciding frequency differences ωnm we
may truncate our system to the two-level system. With
this crucial assumption the Hamiltonian Hˆ(t) is written
in a simple form:
Hˆ(t) =
ωnm
2
σˆz + EJ (ann − amm) cos(ωt)σˆz
− 2EJ |anm| cos(ωt)σˆx , (6)
where the matrix elements anm are
anm =
∫ 2π
0
dξψ⋆n(ξ; vg)ψm(ξ; vg)cos(pif + ξ) . (7)
Here, ψn,m(x; vg) are the gate- voltage dependent wave
functions of the autonomous nonlinear oscillator, and
σˆx,z are the Pauli matrices.
Next, we use the standard density matrix approach.13
In the case of a weak damping the corresponding time-
dependent equation for the density matrix ρˆ(t) is taken
in the form
h¯ ˙ˆρ(t) = − i[Hˆ(t), ρˆ(t)] + [HˆR, (ρˆ(t)− ρβ)] , (8)
2
where ρβ is the equilibrium density matrix, and the dis-
sipative operator HˆR characterizes the various relaxation
processes. In a simplest case this operator is described by
two damping parameters ν1,2.
13,14 By making use of (4)
the supercurrent Is is expressed through the quantum-
mechanical average of of the operators σˆx,z as
Is = IcV < |anm|sin(ωt)T¯ r{ρˆ(t)σˆx}+
+
ann − amm
2
sin(ωt)T¯ r{ρˆ(t)σˆz} > . (9)
Eq. (8) is a particular case of the well-known
Bloch equations13,14, and by using the rotation wave
approximation14 we finally obtain Is as
Is =
2eE2J
h¯2
|anm|
2
ν2
(ω − ωnm)2 + ν22 + 2(
EJ
h¯
)2(ν2
ν1
)|anm|2
(10)
Thus, Eq. (10) shows that the current-voltage charac-
teristics of the plaquette with three small Josephson junc-
tions can display a number of resonances. The physical
origin of these resonances is the resonant absorption of
the ac Josephson oscillations by the horizontal Josephson
junction being in the superconducting state. The voltage
positions of the resonances V ≃ h¯ωnm/2e are mapped
to the various transitions occurring in the spectrum of
EOs (the Josephson phase of the horizontal junction).
The width of the resonances is determined by the relax-
ation processes as ν ≫ EJ |anm|/h¯, or the frequency
ωR ≃
EJ |anm|
h¯
of coherent Rabi oscillations in the op-
posite limit (ν ≪ EJ |anm|/h¯). The maximum value of
the magnitude of the resonance depends on the damping
parameters ν1,2, and may reach the value I
max
s ≃ eν2.
Note here that we assumed the low temperature regime
(T ≤ h¯ωnm) and did not take into account processes in-
volving multi-photon interactions between the ac Joseph-
son current and EOs. These multi-photon interactions
lead to additional subharmonic resonances (ω ≃ ωnm/k)
with smaller magnitude.
The spectrum En(vg) and the corresponding wave
functions are found as periodic solutions of the
Schro¨dinger equation:
Hˆ0ψn(ξ; vg) = En(vg)ψn(ξ; vg) . (11)
It is well known that the spectrum En(vg) of Eq. (11)
contains an infinite number of bands and is controlled by
the gate-voltage vg.
15,16 Although the solutions of (11)
can be analized by making use of the Mathiew functions17
for arbitrary ratio EJ/h¯ωp, here we consider the regime
of small Josephson energy, EJ ≪ h¯ωp, where all results
are simplified. In this limit, and at low temperatures as
the transitions between the ground state and the excited
levels are important, we obtain
ωn0 ≃
ω2p
EJ (4 + 8η)
|n(n− 8ηαvg)| (12)
The typical dependence of En(vg) and a number of tran-
sitions are shown in Fig. 2a.
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FIG. 2. a) The dependence of ǫn(vg) =
EJ (4+8η)En(vg)
h¯2ω2p
in the limit of zero Josephson energy. The induced charge
Q = 4eναvg . The arrows show possible transitions in the
spectrum of EOs. b) The quantum resonances in the cur-
rent-voltage characteristics. The resonances correspond to
the transitions presented in Fig. 2a. The voltage is normal-
ized to the plasma frequency h¯ωp/2e. The parameters are
η = 1, ν1 = ν2 = 0.1ωp,
EJ
h¯ωp
= 0.3, Q = 0.1.
By making use of a perturbation theory the relevant
matrix elements anm are obtained in this limit. Thus,
e.g. a±1 0 ≃ 1, a±3 0 ≃ (
EJ
h¯ωp
)2. The transition 0→ 2
is not appearing in the I-V curve because the matrix el-
ement a2 0 is rather small. It is due to a specific symme-
try of the potential energy (∝ cos 2ξ) in the Hamiltonian
Hˆ0. The calculated resonant current-voltage character-
istics is presented in Fig. 2b. As the Josephson energy
EJ is small, the voltage positions of the resonances are
strongly affected by the gate voltage vg but the widths
and the magnitudes of the resonances weakly depend on
the externally applied magnetic field Hext. In the oppo-
site case as the Josephson energy is large, EJ ≫ h¯ωp,
the situation is reversed: the voltage positions of the res-
onances are weakly altered by vg but the width of the
resonances strongly depends on Hext. In the case of in-
termediate values of EJ ≃ h¯ωp the strong dependence
of the resonant current-voltage characteristics on both
parameters vg and Hext is found.
In conclusion we have shown that a particular system
3
of a single plaquette containing three small Josephson
junctions display resonances in the I-V curve. These
resonances are due to the resonant absorption of intrinsic
ac Josephson oscillations and are the fingerprints of var-
ious transitions between the discrete energy levels of the
macroscopic Josephson phase. The coherent quantum-
mechanical dynamics of these transitions may be con-
trolled by variation of the bias current γ, the gate voltage
Vg and an externally applied magnetic fieldHext. Finally,
we note that similar quantum resonances may be found
also in more complex Josephson (or mixed) coupled sys-
tems, e.g. the inductively coupled dc and RF SQUIDs, dc
SQUID and quantum dots18, etc.11 The measurements of
these resonances and their dependence on the parameters
of the system should allow to study in detail the coherent
quantum-mechanical dynamics of macroscopic variables.
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